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ABSTRACT
A new scheme for randomly generating probability distributions on the
interval {0, 1] is introduced. The scheme can also be viewed as a way to
generate homeomorphisms at random. Conditions are given so that a con-
tinuous measure with full support is generated almost surely. Geometric
properties of the generated probability measures are examined, including
the dimension and derivative structure of the measures and their respec-
tive distribution functions. For example, we give conditions so that almost
all the distribution functions of the measures generated are strictly sin-
gular. Applications include determining average case errors for numerical

methods of equation solving and Bayesian statistics.

1. Introduction

This paper presents a new scheme for randomly generating probability measures
on [0,1] — that is, for obtaining probability measures or priors on the space of
probability measures on [0,1]. The scheme can also be viewed as a way to generate
a homeomorphism at random. From this latter perspective, we generalize Graf,
Mauldin and Williams’ (1986) method of randomly generating homeomorphisms.
Other related methods of generating probability measures and homeomorphisms
are described by Dubins and Freedman (1967) and by Kraft (1964).

One application of the priors we obtain is in determining average case errors for
numerical methods of equation solving. As mentioned in Novak (1988), worst case
errors for numerical methods are generally much larger than those encountered
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with most functions. Therefore, there is interest in finding average error bounds.
Such average case errors are investigated by Graf, Novak, and Papageorgiou
(1989) and Ritter (1992). Novak (1989) and Novak and Ritter (1992) survey
related results on average case errors. Other applications are discussed by Ulam
(1982), Graf, Mauldin and Williams (1986) and Mauldin, Sudderth and Williams
(1992). In particular, the priors produced here — random rescaling priors — are
tailfree priors as described in Ferguson (1973) and Doksum (1974). A related set
of priors are the Dirichlet priors given by Ferguson (1974). Random rescaling
priors, unlike Dirichlet priors, can give probability one to the set of continuous
measures with full support. Such priors are useful in Bayesian statistics.

In the second section, we introduce our scheme and mention related work.
Conditions so that a continuous probability measure with full support is gener-
ated almost surely are given in section 3. Equivalently, as discussed in the next
section, these conditions ensure that the scheme generates a homeomorphism
almost surely.

Sections 4 and 5 examine the geometric properties of the generated probability
measures. Among the properties we consider are the derivative structure of the
distributions and the (Hausdorff) dimension of the supports.

Specifically, Theorem 4.1 gives a condition under which almost all distribution
functions are strictly singular — i.e., do not have a finite positive derivative
anywhere. And, in Theorem 4.2, we establish conditions under which, for each
z € [0,1], almost all distributions have derivative 0 at . One of these conditions
involves bounding the fourth moments of a particular set of random variables.
We believe this condition can be weakened to only bounding the second moments,
but we have been unable to prove it. Of course, Theorem 4.2 implies Theorem
4.1. An example is given which shows that the converse does not hold.

Upper and lower bounds on the dimensions of the generated probability mea-
sures are derived in section 5. The martingale convergence theorem and a Frost-

man type lemma are used to obtain the bounds.

2. Random rescaling

In this section, we describe our scheme for randomly generating a probability
measure. First, note that a distribution function of a probability measure on [0,1]
is a non-decreasing right continuous function from [0,1j to [0,1], which assumes
the value 0 at 0 and the value 1 at 1. If the probability measure is continuous
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and has full support, then its distribution function will be continuous and strictly
increasing — that is, a homeomorphism of [0,1] onto [0,1]. On the other hand,
a non-decreasing right continuous function from [0,1] to [0,1] which leaves 0 and
1 fixed determines a unique probability measure on [0,1]. If the function is also
a homeomorphism of [0,1] onto [0,1], then the induced probability measure will
be continuous and have full support. Thus, generating a probability measure at
random is equivalent to selecting a non-decreasing right continuous function at
random — a theme initiated by Dubins and Freedman (1967) — and generating
a continuous probability measure with full support is equivalent to selecting a
homeomorphism at random.

Denote the set of probability measures on the interval [0,1] by P({0,1]). Let
7 be a mapping (transition kernel) from the dyadic rationals, D, to P([0,1]).
We generate a distribution function, h, of a probability measure on [0,1] by
randomly rescaling 7 as follows. First, set the value of h at 0, h(0), to 0
and set h(1) = 1. Now randomly select the value of h(3) according to the
distribution of 7(3). Select h(%) according to the distribution of 7(3) scaled to
the interval [0, 2(3)] and independently select h(3) according to 7(2) scaled to
[A(3),1]. Continue in this manner to define a function on the dyadic rationals.
In the natural way, extend A to a distribution function of a probability measure
on [0,1]. This scheme thus induces a probability measure or prior, denoted by
R, on the space of distribution functions — or, equivalently, on P([0,1]).

A more precise view of R, can be obtained by introducing a scaling map §
from {0, 1)% to P([0, 1]). (Note that we alternately regard images of 6 as distribu-
tion functions and as the corresponding probability measures.) Let D,, be the set
of strictly nth level dyadic rationals —e.g., 3 ¢ Dy. Fort = (t(3),1(3),¢(3),...) €

a) 17
[0,1]P, define the distribution function 6(t) inductively on D as follows:

8(t)(0) =0, 6(t)(1) = 1.

Assume 9(t)|Ury_ p, has been defined. And, for 0 < j < 2" —1, set

2j+1Y J j+1 j 2j+1
6(t) (—2“1 ) = 6(t) <2n> + (O(t) < om ) a(t) (55 t i)
It is straightforward to show 6 is a well defined, open and continuous map from
[0,1}7 into P([0, 1]). The prior R, is induced by P, = [[,p 7(d) through 6.

As mentioned above, Graf, Mauldin and Williams (1986) and Dubins and
Freedman (1967) introduced related methods of generating probability measures
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and homeomorphisms. In particular, one scheme presented by Graf, Mauldin,
and Williams (1986) randomly rescales a fixed measure ¢ at each stage — that is,
their transition kernel equals p at each dyadic rational. So, obviously, our scheme
generalizes their method and we produce a larger class of priors than they do. To
see that random rescaling can also produce priors which can not be constructed
within the framework of Dubins and Freedman (1967), set 7(d) = é;1y, for all
dyadic rationals d < %, and set 7(d) = 6{%}, for all d > % Then R,, regarded
as a probability measure on distribution functions, is 63, where h{z) = z, for
x> 1, and h is singular over (0, 1) (see, for instance, section 4). Dubins and
Freedman (1967, Theorem 5.1) show that this prior can not be obtained from
their construction for any basic measure u € P([0,1]2). More generally, for
any homeomorphism, h, there exists a transition kernel 7 for which R, = é(p).
However, if h is not singular almost everywhere or if h is not the identity function,
then 6;») can not be obtained from a Dubins and Freedman (1967) construction.

3. Continuous measures with full support

Here general conditions are determined so that the random rescaling scheme
generates continuous measures with full support almost surely — or, equivalently,
conditions so that a homeomorphism is generated almost surely.

Recall that a probability measure 7 € P([0,1]) is continuous if n({z}) = 0,
for all z € [0,1]. Let

C ={r e P([0,1]): #({z}) =0, for all z € [0,1}}.

A probability measure p defined on a compact Hausdorff space M has full
support if every nonempty open subset of M has positive y-measure. Note
that this is equivalent to M being the smallest compact set which has p-measure
one. Let

S = {n € P([0,1]): 7 has full support}

and
C=CnNS&.

To establish conditions on a transition kernel 7: D — P([0, 1]) so that R,(C) =
1, we borrow a technique from Mauldin, Sudderth, and Williams (1992). Suppose
R, is a random rescaling prior and let I, be a random measure with distribu-
tion R,. Then there exists a unique (distribution-wise) sequence of [0,1}-valued



Vol. 91, 1995 RANDOMLY GENERATED DISTRIBUTIONS 219

random variables X7, X7,... which, given II,, are independent each with distri-
bution IT,. That is, for X™ = (X7, X7,...) and Borel set A C [0,1] x [0,1] x

(3.1) P[X" € A] = / 7%°(A) dR, (r),

where 7°° = 7 X m x --- is the infinite product measure on [0, 1] x [0,1] x

(This sequence is an exchangeable sequence of random variables directed by R,.
See, for instance, Aldous (1983) for details.) The sequence X7, XZ ... gives us
a way to check whether R.(C) = 1. In particular, we get Proposition 3.1. The
proposition is essentially Lemma 5.2 of Mauldin, Sudderth, and Williams (1992).

PROPOSITION 3.1: Let R, be the random rescaling prior associated with tran-
sition kernel 7: D — P([0,1]). Then R,(C) =1 if and only if P[X] = X]] = 0.

Proof: From (3.1),
PIX] = X]] = / f w({z}))dn(z)dR. ()

=0+ / c /[0,1] 7({z})dr(z)dR, ()
0

if and only if R,(C¢) > 0. |

We say a transition kernel 7: D — P([0,1]) is centered if, for each € > 0,
there exists a 6 € (0, 1}, such that

7(d) ((6, 1- 5)) >1—k¢,
for all d € D.

Denote the distribution function of a probability measure 7 on [0,1] by h,.

THEOREM 3.2: Let R, be the random rescaling prior associated with transition
kernel 7: D — P([0,1]). If 7 is centered, then R,(C) = 1.

Proof: 1t suffices to show that P{X] = XJ] = 0. Let

E= {(.’L‘l,.’L'z) € [0, 1]22 ry = 332}.



220 R. D. MAULDIN AND M. G. MONTICINO Isr. J. Math.

Foreachn=1,2,... and 2<i < 2", let Ey,, = [0, 5] and E; » = (52, &
From (3.1), for every n =1,2,...,

PIX] = Xf) = [ #*(E)aR.(n
< /nZ(QEﬁn)dR (r)
By construction,
Jestasmomin= (o () - () e

[+ a-vrar)

More generally, if p; , = [ 72(E?,)dR, (), then

21 —1
/71'2(E§i~1,n+1 ™ E%i,n-i—l)dR‘r(”r) = Pin /3}2 +(1—y)%dr ( gnt 1 ) (¥)

Now let 6 € (0, %) be such that, for all d € D,

So, for d € D,

[v+a-prar@w-1+2 ( [t - [viram)

= 2 T : 2 T
=142 (/[0,1_8131 d (d)(y)+/(1_&1]y dr(d)(y)

- [vrow)

<142 ((1 B[ o [ @

(1-5,1]

=1-26 ( /W] ydr(d)(y) + /( - ydT(d)(y)>
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Hence, letting p = 1 — §% < 1, an easy induction argument shows

/H(GanmAﬂSp"
=1

for each n =1,2,.... And so P[X] = X]] =0. ]

To ensure that R.(S) = 1 we need only that 7(d)({0,1}) = 0, for each d € D.
We state this formally in Theorem 3.3.

THEOREM 3.3: Let R, be the random rescaling prior associated with transition
kernel 7: D — P([0,1]). R,(S) =1 ifand only if 7(d)({0,1}) = 0, for each d € D.

Proof: Consider the reverse implication first. Note that

oo 27
= U USin,
n=11i=1

where S;, = {m: 7(E;n) = 0} and E;, is as defined in the proof of Theorem
3.2. By hypothesis,

R:(S11) =R, ({m: ™ [0 ] =0})
= Rl hn(3) = 0)) = (0D =0

Similarly,

Re(S2.1) = Ro({m: 7((5,1]) = 0))
= Re({m ha(3) = 1)) = 7(3)({1}) =

Suppose that R.(S;,) =0forall1<i<2"and n <m. And, let 1 < i < 2™,
Then

R (S2i-1,m+1) = R ({m: 7(E; ) = 0})

+ R ({m: 7(E;m) # 0 and 7(E2i_1,m+1) = 0})

= 0+ R ({m: w(Esm) #0}) - 7 (ilmﬂ ) (foh

=0.
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The second to last equality follows from the induction assumption and by our
scheme for generating 7. The last equality holds by hypothesis. Similarly,

Ry (Saims1) = RT({F: 7(Eim) = o}) + RT({W 7(Eim) # 0

and m(Egim41) = 0})

=0+ R, ({77: T(Eim) # 0}) T (%:Tll) ({1h

=0.

Hence, by induction, R,(S;») = 0, for all n and 1 < ¢ < 2". Therefore,
R.(S)=1
The argument establishing the forward implication is analogous to that given

for the reverse. 1
The following corollary is an immediate consequence of Theorems 3.2 and 3.3.

COROLLARY 3.4: Let R, be the random rescaling prior associated with transition

kernel 7: D — P([0,1]). If 7 is centered, then R,(C) = 1.

As might be expected, several results relating the support of R, and the sup-
ports’ of the 7(d)'s can be given. We state three such results in Theorem 3.5.
For instance, the first result states when R, has full support. The proof of the
theorem is straightforward and in the interest of space we forego presenting it.
We just remark that the theorem can be proved by utilizing the relationship
between R, and P, and standard facts about product spaces. Also, assertion (i)
of the theorem can be proved using methods similar to those applied in the proof
of Theorem 6.1 of Mauldin, Sudderth, and Williams (1992).

THEOREM 3.5: Let R, be the random rescaling prior associated with transition
kernel m: D — P([0,1]).

(i) R. has full support on P([0,1]) if and only if, for all d € D, 7(d) has full
support on [0,1].
(i) The support of R, is nowhere dense if and only if either the support of
7(d) is nowhere dense, for some d € D, or there exist infinitely many
d € D for which 7(d) does not have full support.
(iii) If R.(C) = 1, then the support of R, is dense in itself if and only if
either the support of 7(d) is dense in itself, for some d € D, or there exist

infinitely many d € D with 7(d) not supported by a single point.
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4. Derivatives of the generated distribution functions

Here we examine the derivative structure of the distribution functions generated
by random rescaling. A distribution function is strictly singular if it does not
have a finite positive derivative anywhere. The two main results of this section
are the following theorems:

THEOREM 4.1: Let R, be the random rescaling prior associated with transition
kernel T: D — P([0,1]). Suppose that there exists a § > 0 and a compact set
K C[0,1] — {1} such that

T(d)(K) > 6,

for alld € D. Then R.-almost all h, are strictly singular.

THEOREM 4.2: Let R, be the random rescaling prior associated with transition
kernel 7: D — P([0,1]). Suppose that there exists real constants ai,ag > 0 such
that, for every d € D,

/ In(y)dr(d)(y) < —In2 — ay,
(0,1)

(4.1)
/ In(1 — y)dr(d)(y) < ~In2 — ay,
(0,1)
and
/ (In(y))*d7(d)(y) < —In2 — ay,
(4.2) ©.1

/( 801 = ) dr(@)(s) < ~1n2—a

Then, for every x € [0, 1], R,-almost all h, have derivative 0 at z.

Theorem 4.2, of course, implies that R,-almost all h, are singular. In fact,
conditions (4.1) and (4.2) imply the conditions given in Theorem 4.1 and thus
R,-almost all h, are strictly singular. Actually (4.1) and a weaker version of
(4.2) which just requires that the second moments be bounded imply Theorem
4.1. This leads to the following conjecture which we have been unable to prove.

CONJECTURE: Theorem 4.2 holds when condition (4.2) is replaced by
[y < -m2-a,
(0,1)

(4.2))
(0= )ar(@) < ~In2 =z
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On the other hand, Example 4.6 shows that Theorem 4.1 does not imply
Theorem 4.2.

Related results for other generating schemes are given by Dubins and Freed-
man (1967) and Graf, Mauldin, and Williams (1986). The former present con-
ditions under which the distributions they generate are strictly singular almost
surely. The latter give conditions so that, for all z € [0, 1], almost all distribution
functions have derivative 0 at x. Conversely, Kraft (1964) can be used to state
conditions which guarantee that almost all distributions generated by random
rescaling are absolutely continuous with respect to Lebesgue measure.

The proof of Theorem 4.1 relies on the following lemmas and uses the scaling
map defined in section 2. The lemmas are reformulations and generalizations of
Lemmas 5.10, 5.18, and 5.23 of Dubins and Freedman (1967) for our purposes.
Also, it will often be convenient to exploit the binary structure of our generating
scheme. Let {0,1}* denote the set of all finite sequences of 0’s and 1’s including
the empty sequence § = {0,1}°. Define a map g: {0,1}* — D by B(#) = ; and,
for all other (by,...,b,) € {0,1}*,

B{(b1, ..., bs}) =

N e

2i+1 °
i=1

Suppose b € {0,1}™ and b’ € {0,1}™, then bb’ denotes the element of {0,1}**+™
whose first n coordinates are b and whose last m coordinates are b'. Take 0b = b
and b0 = b.

For a transition kernel 7: D — P([0, 1]), set

™ =710:{0,1}* - P([0,1]).

The idea is to view T as a binary tree of probability measures with 7(3) = 7*(0)
at the root, 7(1) = 7*(0) at the first left node, 7(2) = 7*(1) at the first right
node, and so on. Set Pr+ = [[y¢(0,1)+ 7*(b). Obviously, any statement about P
and sets in [0,1]{%1}" will be true for P, and the corresponding sets in [0,1]?.

LEMMA 4.3: Let K C [0,1) — {3} be compact, t € [0,1]P, n a nonnegative
integer, and x € [0,1] with dyadic expansion z = .z1Z323---. Suppose that
for infinitely many nonnegative integers j there exists a b(j) € !_,{0,1}* such
that t(8((x1,Z2,:..,2;)b(j))) € K. Then 6(t) does not have a finite positive
derivative at .
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Proof: Essentially, the same proof as used in Lemma 5.10 of Dubins and Freed-
man (1967) works here. |

The next few results require some additional notation. For a transition kernel
7: D — P([0,1]) and b € {0,1}*, let 7*[]: {0,1}* — P([0,1]) be defined by

T [b}(b") = 7 (bb),

for ¥ € {0,1}*. Denote ], ¢ (0,1}~ 7*[0](8') by Prepy). Similarly, for ¢ € [0, 1)?
and b € {0,1}*, define ¢*[b] € [0,1]1%1}" by

£ [B1(5) = ¢"(bY) = (B(D")).

Let B C [0,1]{%1}" and let j and k be nonnegative integers. Define the follow-
ing sets:

Bk = {t* € {0,1}{%1}": for all (by,by,...) € {0,1} x {0,1} x ---,
there exists k or more n’s such that t*{(b;,...,b,)] € B and n < j},
B*=|JB* and B>={)B~
j=0 =1
A subset B of [0,1]{%1}" is determined by level n if whenever t; € B and
t1(b) = t3(b) for all b € |JI_,{0,1}, then ¢t} € B.

LEMMA 4.4: Let 7: D — P([0, 1]) be a transition kernel, n a nonnegative integer,
and € > 0. Suppose B is a Borel subset of [0,1){%1}" determined by level n and

(4.3) 2" (1= Pryy(B)) <1 —¢,
for all b € {0,1}*. Then P,-(B>®) = 1.

Proof: First, note that it is enough to show that

(4.4) P.y(BY)=1

for all b € {0,1}*. To see this, suppose (4.4) holds. Then
P,.(BY) =1.

Assume that P,-(B*) =1, for all i < k. Then, for any ¢ > 0, there exists a j(e),
such that

P-(BF LIy 51—,
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Let
A7 = {t* € [0,1]1%1"; for all (by,...,b;41) € {0,1}7F, t*[(by,...,b;41)] € B}

By (4.4), P,-(A7) = 1, for every j. Hence, using Bonferroni’s inequality, for
€e>0,
P,.(B¥) > P..(BF 136 n 439y > 1 — .

Since € > 0 was arbitrary, P;-(B*) = 1. Thus, by induction, if (4.4) holds then
P,.(B®) =1.

Let 7 = infye o1}~ Prepp(B'). If 7 = 1, then (4.4), of course, holds. Now let
b€ {0,1}*. Using the facts that

BC B!
and
P,.y)(B'|B°) > H Prepe(BY),
v ef{0,1}~+1
we get

Prpy(BY) 2 Propyy(B)+ (1= Prey(B))  [I  Prepe(BY)
be{0,1}n+1

> Prey(B) + (1 = Prepy(B))(m)*™
Let b1,b%,... be a sequence in {0,1}" such that
1 1
N+ — 2 Prepm)(BY).
m
Then ]
ntl

for all m. By (4.3), there is an x > 0 such that (1 — z)2"*! < 1 and, for all
be {0,1}‘, T < P-r'[b](B) And so

2n+l

b >+ (=)

for all m. That is,
2n+l

n>z+(1-2z)(n)
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A little calculus (for a proof see Lemma 5.15 of Dubins and Freedman (1967))
then shows that n = 1. |

For a subset K of [0,1], denote by K(n) the set
K(n)= {T* € [0,1){%3}": there exists a b € 0{0, 1} for which 7*(b) € K}.
i=0
LEMMA 4.5: Let 7: D — P([0,1]) be a transition kernel. Suppose there exists a
compact set K C [0,1] - {%} and a § > 0, such that, for all d € D,
(d)(K) > 6.

Then there exists a nonnegative integer n such that

Pr(K(n)*) = 1.
Proof: By hypothesis, there exists a nonnegative integer n and ¢ > 0 such that

gn+l_

271 — 7 (b)(K)) Tal—g

for all b € {0,1}*.
Let b € {0,1}*. Then

(1= Pey(Km)) =21 ] (1= @b)(K))
belJr_ {01}
< 2" (1 - (BB (K))T

Sl—ﬁ,

where (1 — 7*(bb)(K)) = maxyeur_ 0,13:(1 — 7*(bb')(K)). Now apply Lemma
4.4. 1

Proof of Theorem 4.1: Apply Lemmas 4.3, 4.5, the relationship between P, and
Pr., and the fact that R, is induced by P, through 6. 1

Proof of Theorem 4.2: Fix z € [0,1]. Now R,-almost all h, have derivative 0 at
z if R;-almost all A, have right-hand derivative 0 at z and R,-almost all &, have
left-hand derivative 0 at . The right-hand case is proved below. The left-hand

case can be proved similarly.
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As noted in Graf et al. (1986, Theorem 5.20), to show that

() )

it is enough to show that, for every a > 0,

= ha(z +27") = hy(z)
R, : > =0.
(A )

By the first Borel-Cantelli lemma, this is true if

i R, ({m hx(z + 2;3 —hn(a) | a}) <.
n=1

This holds if for arbitrary 4, € {0,...,2" — 1}

(4.5) gR, ({w: h"(%%-—;)_; P (52) > %}) < 0.

(Again, see Graf et al. (1986, Theorem 5.20).)

Isr. J. Math.

Let {Ap}aep be a collection of independent random variables defined on a prob-
ability space (€, F, P) such that, for d € D, A4 has distribution 7(d). Suppose
i€{0,...,2" — 1} and (by,...,b,) € {0,1}" are such that Y ;_,(be/2%) = i/2".
Then a straightforward generalization of Lemma 5.21 of Graf et al. (1986) gives

N[ R

R, <{7r = 2>

)

n e
H(bk + (_l)b"Aﬂ(bl ----- bk—l)) 2 2n+1j| ’
k=1

=P

with the convention that, when k =1, Ag,,....b,_1) = A%.
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From condition (4.1) we get

i [
H bk+ kAg(bl, bk — 1)) = 2n+1:|

Zlﬂ bk+ bkAﬂ ..... bk_l))ZIn(%)—nln2}

Z In(bx + ( kAﬁ(bly -sbk— 1)) = Uby,bir)

n

(84
> ln(g) — Z(— In2 - U(b,,...,bk_l))]

k=1

b

8
Zln (br + ( Aﬁ(bl, b 1)) Uy, pbimr) = 111(5) + nay

where ug, b, ) = Elln(be + (=1)* Ag, .. be_,))]-
Let Sp = 3 poyIn(be + (=1)% Aggp, b 1)) — U(p,,....be_,)- Then, for n large
enough that In(a/2) + na; > 0, Markov’s inequality gives

n
P In(be + (=1)** Ay, byr)) = Uiy,.bes) = In(@/2) + nay

E[S;]
~ (In(a/2) + nay)*’

Moreover, by condition (4.2) and the independence of the Al s, there exists a
constant M which does not depend on n such that

E[S;] < Mn?.
Thus (4.5) is true. 1

Note that Theorem 4.2 is still true if (4.1) is weakened somewhat to condition
(4.6), given below. For b € {0,1}*, let

U = In(z)d7 b))z
b,0 /(‘011) ( ) (ﬂ( ))( )
and

wp = /( , lnl1 = 2 (30)@)
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CONDITION 4.6: There exists a constant a > 0 and an integer N such that, for
everyn > N and (by,...,b,) € {0,1}",

1 n
—In2 - ; kz—lu(blw--abk—l)|bk > a,

with the convention that, when k = 1, (by,...,bg—1) = 0.

Example 4.6 shows that (4.1) alone is not sufficient to guarantee the conclusion
of Theorem 4.2. In particular, it shows that it is not sufficient to bound the
variances (or fourth moments) of the In(A4)’s and the In(1—A4)'s (A4 is as given
in the proof of Theorem 4.2) along each branch of the binary tree associated with
7. As mentioned, we believe that if the variances are uniformly bounded then the
conclusion of the theorem holds. Notice that the transition kernel in the example
satisfies the conditions of Theorem 4.1 — so almost all distribution functions are
strictly singular. Moreover, by Corollary 3.4, almost all distribution functions

are continuous.
Example 4.6: For ¢ =2,3,..., let

(c—3)In2
Qe = ——2—
cn(2)+

and
He = (1 - ac)é{l/gc} + ac6{3/4}.

Then there exists a positive integer C such that, for ¢ > C,
3
/ In{z)du.(z) = —=In2
(©.1) 2
and
3
In(1 — z)dpc(z) < —-In2.
(©0,1) 2
Also, lim,_,o0c ac = 1.

Select a subsequence of the als, a.,, @c,, - - -, such that [Jreq ac, > z > 0 and,
for each k, ¢ > C. Define ny and m; by

ng=1 and my=|
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where |y is the least integer greater than y. (Note that m; = 2.) Fori =2,3,...

set

n;In2
ni=ni_1+mi—1+1 and m;=|— 3 -

2

Let = € (0,1) be that number with binary expansion

x = .bybobz---=.01101...101...101...101...1...
S~ N

™mae 1l's my 1's

Define a map 7*: {0,1}* — P([0,1]) by

T*(l) = Heys
7‘*(1,0) = #227

for k=2,3,...,

T*(bl" . 'abnk—lv 1) = Heys
T*(blv ""b’nk—la 170) = ll/cza

T*(bl, ---abnk—l, 1, 0, .. ,0) = /"’Cm,c

mk-—l 078

and for all other b € {0,1}*

7*(b) = pe.

Now define a transition kernel 7: D — P([0,1]) by 7 = 7*8~L.
Letting z, = Y., b:/2¢,

Re({m: Ky(z) = 0}) < R, ({w fimg Pxn 277 = he(n) :0})

N 00 2——n+1

> R 2 k1) _ o (x
— R, ﬂ U ﬂ {ﬂ,: (zx + 2_k+3 ( k) <’7}

v>0j5j=1k>j
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— hx(zk) < 7})

232
Suppose v = %, then

~ (00

h,r IIIk + 2—k+1)
o—Fk+1

me

~ ha(zr + 2751 — by (2r) _ 1
=1-R, () {7r P >3
j=1k2>j
( 0o —k+1y _ 9=k
! , 2-
J=1k2>j
= 1
=1-R. | ) {m Bz + 2751 — hp(zp +27F) > 27})
j=1k2j
<1-R, ﬂ {7r: he(Zn, -1+ 2™k t2) _ B (Tny—1 + 27" F1)
J=2k2>j
=1-P[(] | B,
J=2k2j
where By = [(1 — Ap(9))As1)As(1,0) > 3] and, for k > 2,
ng 1-—1
Bk = ( H (bz + (_l)biAﬂ(bl’-“vbi—l)) (1 - Aﬂ(blv-"b'lk_l—l))
i=1
AB(b by =1, ) AB(B1 by, —1,1,0)2 -
AB(by,bny_ 1,1, 0

(notation as in the proof of Theorem 4.2).
By the construction of 7

1
E2 = [Ag1)Ap,0) 2 5] C By,
and for k > 2
Ei = [Ap(s, by -1, 1) ABB1,bny 1,100+

2"k—1

C By.

Aﬂ(bl,...,bnk_l_l,l, 0,...,0) 2 omi_1
N s’

my_1—1 o's

Isr. J. Math.
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Also, the Ej s are independent with P[E] > z, for all k > 2. Thus, by the second
Borel-Cantelli lemma,

1—P[ﬁ UBk]gl—P[ﬁUEk]:O.

J=2k2j J=2k2j

Therefore, R, ({n: hl (z) = 0}) = 0. 1

5. Hausdorff dimension of the generated probability measures

Lastly, we investigate the (Hausdorfl) dimension of the probability measures gen-
erated by random rescaling. We establish bounds between which the dimension
of almost all measures lie. Note in the special case that 7(d) = p, for all d € D,
the results below correspond to a special case of Kinney and Pitcher (1964).
Moreover, Theorem 1 of Kinney and Pitcher (1964) is related to Lemma 5.1
below. However, there appears to be an error in their proof of the theorem. The
hypotheses they give in their theorem are not quite what is needed for their con-
clusion. What is needed is a condition analogous to that given in Lemma 5.1. In
the remainder of this section, assume that all the transition kernels considered
are centered. So, R.-almost all distribution functions are continuous.

Recall that the Hausdorff dimension of a probability measure 7 €
P([0,1]) is

dims(7) = min{dimy(A): A C [0,1] and =(4) = 1},

where dimy(A) is the Hausdorff dimension of A. That is, for § > 0,

Hg(A) = min { Z |G|*: G is a 6-mesh cover -of A}
Geg

and the a-dimensional measure of A is
H*(A) = }i_xgH?(A).
The Hausdorff dimension of A is
dimy(A) = inf{o: H*(A) = 0} = sup{a: H*(A4) = oo}.

For z € [0,1) and n > 0, define o, (x) such that a,(x) = i/2" < z < (i4+1)/2".
And if .byby ... by is the nth-order dyadic expansion of i/2™, let by(i/2") = @ and
for 1 <k < m, let by(i/2™) = (by, ..., b)-

Y
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For a transition kernel 7: D — P([0,1]) and b € {0,1}*, set
w= [ i)+ -y -y b6

And, forn > 1, let

ol= sup {/y(ln(y) = 7)? + (1 = y)(In(L - y) - n)? dT*(b)(y)}

be{0,1}n -1

- { [yt + -y -y ar o)) - 75}.

be{0,1}n 1
As above, we often identify a probability measure with its distribution function.
Denote the set of distribution functions on [0,1] by H.
LEMMA 5.1: Let 7: D — P([0,1]) be a centered transition kernel. Suppose
() Jio11 lyIn(y) + (1 — y) In(1 - y)|dr(d)(y) < oo, for all d € D,
(ii) 3,-102/n% < oo, and
(iif) 7z = limp—oo = Z,-=o Vo, (an(z)) €Xists, for all z € [0,1].
Then ] .
Jlim = <1n (hr (ea(@) + 35 ) = halan(e )))) —
for h,-almost all x € [0,1] and R.-almost all h, € H.
Proof: For n > 1, define fn: [0,1] x H — R by
(et g)bont) Y
han—1(z) + z&1) - hlana(a)) )~ )
Let F, be the o-algebra generated by {[¢/2", (¢ + 1)/2"] x H }o<i<2~—1 and define
a measure ¥ on [0,1] x H by

/ (@, ha)dT = /H [ @ Wdhe ()R ()

Then, for any 0 < < 2" ! —1and n > 1,

falz,R)=1n

Eyg [Iiijan-1 i41)/27-1)x H Jn (2, )]

_/ / ln( hr(on(z) + 1/2") — ha(an(z)) )
~Juujenr ey ey \a(@n-a(z) +1/2771) = he(an-1(2))
= Vb1 (an(z)) Ghn(2)dR(T)

- (5) o () ([ -

dr* (buo1(i/2771)) = Yo,y i/2n-1)) dR: ()

=0.
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now follows that S, = 3°7_, f;/j is an {F,}-martingale such that Eg[S7] <
Z?zl 02/j% < co. Apply the martingale convergence theorem (Dellacherie and
Meyer (1982, Theorem V.30)) to conclude that

Thus, Eg[fn|Fn—1] = 0. Similarly it can be checked that Eg[f2] < o2. It

n n-1
1 . 1
i 2= Jim | S -T2 S | =0

We can now give bounds on the dimensions of almost all measures generated
by random rescaling. Our proof may be viewed as a “Frostman” type lemma.

(Note that, where it exists, 7, is negative.)
THEOREM 5.2: Suppose that the hypotheses of Lemma 5.1 hold. Let
71 =inf{y;: x €{0,1]} and 72 =sup{v.:z €[0,1]}.

Then, for R.-almost all ©,

72 N

—= < < —-.

In2 dims () In2
Proof:  Suppose 7 € P([0,1]) is continuous and that for h,-almost all z € [0, 1]
(5.1) lim % (ln (h,, (an(x) + 2%) - hﬂ(an(x)))> = .

By Lemma 5.12, the set of such h, has R, measure 1. Let A be a set of h,
measure 1 such that, for all z € A, (5.1) holds. Fix ¢,6 > 0. We will show that
HJ(A) <1, where n = —v;/In2 + ¢

For each z € A, let n(z) be the smallest n such that

1 1 1 —71/In2+e
7 < § and hi(an(z)+ 5&—) — ke (an(z)) > (2—n>
Notice that, for 1,22 € [An(c)(T), An(z)(T) + 1/2"®)N A, n(x;) = n(zz). Thus,

{ [an(z)(af)y Un(e)(2) + 1/ 2"(1)] }

is a disjoint (except for endpoints) countable cover of A. Therefore,

1=mn(A)

=7 (U [an(m)(x),an(z)(z) + %D
= 3 (he(ane) + o) = e (o))

1 _'Yl/ In 24-¢

T€EA
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Since 6 and € were arbitrary, H(A) < —v;1/In2; and so,

dimy(r) < 2.

Again fix € > 0 and set

1 ~v2/In2—¢
K(e) = {z € [0,1}: hx(an(z)+1/2") - he(an(z)) > (2—n>
for infinitely many n}.

For § > 0 and z € [0,1], let m(x) be the smallest n (for z where such an n exists)
such that

1 1 1 —v2/1n2—¢

7 < 6 and hg (an(:c) + 2—n) — ha(an(z)) > (57—1>
Set

1
K(e, 6) = { [am(ﬂ(l‘), ¥m(z)(7) + 2m<m)] }
z€[0,1}

Then K(¢, 6) covers K (¢) and (;_,, K (¢, 6) differs from K (¢) by at most a count-
able set. Therefore, since 7 is continuous,
0 = n(K(e)) = w(éﬂoK(e, 5)) = lim 7(K (¢, 8)).
Suppose B C [0,1] such that #(B) = 1. Then there exists f(¢,8) such that

(10 AN B) = K(e,6)) < 1]/ =1,

for any interval I for which |I} < 6. Moreover, f(e,6) can be chosen so that
f(e, ) decreases (to €) as 6 decreases and f(e,6) — 0 as € and § — 0.

Now fix 4 > 0. We will show that H5(B) 2 1, where k = —73/In2 — f(e, 8).
Let C = {I,} be a set of intervals covering (AN B) — K(e,8) with |I,| < § < é
and 7(K (e, 6)) < 1. Then

1

5 S7((ANB)~ K(e,8)) <Z (Inn AN B) - K(e,6))

< Z |In|(-72/ln2 ~f(ed).

Hence
% < HE=/WD-SED) (AN B) - K(e,8)) < HI-7"/ D=1 (B).
Since f(e,6) can be arbitrarily small, it follows that .2 < H(B); and so,

—72 .
—=< .
5 < dimy(7) ]
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